Functional experiment design for the analysis of colour changes in granite using new L∗a∗b∗ functional colour coordinates  by Rivas, T. et al.
Journal of Computational and Applied Mathematics 235 (2011) 4701–4716
Contents lists available at ScienceDirect
Journal of Computational and Applied
Mathematics
journal homepage: www.elsevier.com/locate/cam
Functional experiment design for the analysis of colour changes in
granite using new L∗ a∗ b∗ functional colour coordinates
T. Rivas a, J.M. Matías b,∗, J. Taboada a, C. Ordóñez a
a Departamento de Recursos Naturales, Universidad de Vigo, 36200 Vigo, Spain
b Departamento de Estadística, Universidad de Vigo, 36200 Vigo, Spain
a r t i c l e i n f o
Article history:
Received 25 January 2010
Received in revised form 22 June 2010
MSC:
41A15
62K15
62J10
62P30
Keywords:
Functional data
Full factorial ANOVA
CIE colour coordinates
Colour matching curves
Granite
Desalination treatments
a b s t r a c t
We propose a functional data approach to evaluating colour changes in stone that is based
on applying a functional experiment design to the tristimulus curves resulting from the
product of the power spectral distribution of the source, the stone reflectance curve and
the matching colour functions of the standard observer.
The proposed method was applied to an analysis of colour changes in granite after
the application of different desalination treatments. The results were compared with
those obtained by the classical analysis of variance applied to the colorimetric coordinates
L∗ a∗ b∗.
The granite RGB and XYZ colour coordinate systems were obtained by integrating the
respective tristimulus curves. The L∗ a∗ b∗ coordinates, however, were obtained directly
by transforming the XYZ coordinates, as no corresponding tristimulus functions have
been proposed to date. With a view to comparing the results for these functional and
scalar methods for a uniform colour measurement system, these functions, whose integral
coincides with the L∗ a∗ b∗ values, have been deduced and proposed for the first time.
The results obtained demonstrate the usefulness of the additional information supplied
by the functional approach. However, this information does not replace that produced
by the scalar approach for the scalar coordinates, and so it is recommended to use both
approaches. The new tristimulus functions associated with the L∗ a∗ b∗ coordinates are
perfectly interpretable in a way analogous to the coordinates themselves, i.e., as the degree
of luminosity (L∗), the green–red relative position (a∗) and the blue–yellow relative position
(b∗), except that they are interpreted for each infinitesimal wavelength interval.
A brief introduction to the colour measurement problem and to functional statistical
techniques is provided for readers coming from different disciplines.
© 2010 Elsevier B.V. All rights reserved.
0. Introduction
This article describes a new method for detecting and analysing changes in colour based on a functional experiment
design applied to new functional colorimetric coordinates. The usefulness and efficacy of this new method for detecting
colour changes are evaluated by assessing the colour changes produced by different desalinationmethods applied to granite
contaminated with sea salt.
The article is structured so as to be comprehensible and useful for both readers with a more mathematical and statistical
profile and stone conservation specialists. The level of detail in certain sections of the article is conditioned by this dual aim,
but the references provided should prove of interest to readers seeking to explore certain issues in more depth.
∗ Corresponding author. Tel.: +34 986812190; fax: +34 986812201.
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The article is structured as follows. We present the problem and the most frequently used solutions, briefly describe the
basics of colour measurement and our new functional colorimetric coordinates, present the functional analysis of variance
(FANOVA)methodology as a generalization of classical scalar analysis of variance (ANOVA) and then describe the application
problem, specifying the methods used and the results obtained. Finally, we describe our conclusions.
In the architectural heritage preservation field, the colour of stone surfaces constitutes an element in the historical
and artistic value of a monument, and, as such, should not undergo visible changes during or after cleaning, protection
or consolidation processes [1]. It is important to be aware of the potential impact of such treatments on ornamental rock so
as to choose treatments that are more suitable for preservation purposes.
The literature on heritage conservation contains a number of studies that evaluate changes in rock colour as a
result, e.g., of natural weathering [2], artificial colour change testing [3], cleaning [2] and the application of protective
treatments [4]. Our proposed analysis method is applied to the study of colour changes in sea-salt-contaminated granite
following different desalination processes.
Soluble salts, which are one of themain agents altering the rock in historicmonuments and buildings, have long attracted
the interest of the scientific community. For this reason, deteriorationmechanisms are alreadywell understood [5]. Themain
intervention aimed at preserving salt-contaminated rock is desalination, i.e., full or partial extraction of the salts from inside
the rock [6]. There are few studies on the efficacy of these methods, particularly for a stone like granite, which is mistakenly
considered to bemore resistant to this kind of deterioration. Themost frequently used desalinationmethods are immersion
in water, the application of electrical current, and, possibly the most widely used method, salt extraction using adsorbent
poultices. Different kinds of poultices are used and their efficacy depends on several parameters, most importantly, the
nature of the solution impregnating the rock, the poultice and rock pore size distribution and the established humidity
gradient [7]. The use of solutions that modify salt solubility has also been tested, with promising results, although they can
produce undesirable colour changes. A previous work [8] demonstrated the efficacy of potassic ferrocyanide in desalinating
granite, while also observing that it produced undesirable colour changes. In our research we compare colour changes in
granite after desalination using potassic ferrocyanide and pure water, as desalination agents, and through different salt-
extraction methods.
The colour of the stone is measured using a spectrophotometer which, by measuring the reflectance throughout the
visible spectrum, defines colour using colorimetric coordinates in the stimulus space of a standard observer. Coordinate
systemswidely used in this context include CIE L∗ a∗ b∗ and CIE L∗ C∗ab H
∗
ab [9–12], which are based on combining the spectral
properties of the light source, the reflectance curve of an object and the sensitivity of a standard observer.
Colour changes resulting from different stone treatments have been analysed in descriptive statistical studies using
different colorimetric coordinates [4,3].
The stone typically used in historical buildings can be heterogeneous, both texturally and in terms of colour. This is the
case of igneous rocks like granite, where the colour is the result of the contributions of different minerals: the whites and
greys of quartz and muscovite, the pinks and greys of the feldspars and the browns and blacks of iron-rich minerals. The
relative quantities of each mineral (mineralogy), grain size and the distribution of mineral grains relative to each other
(texture) all have a bearing on colour and on colour measurement repeatability. Changes brought about by treatment can
easily be masked or erroneously evaluated as a consequence of the innate variability of the stone colour [4,10] andmay also
be related to measuring conditions, mainly measurement area and surface roughness [13,14].
Inferential statistical methods such as the ANOVA, (see, e.g., [15]) are therefore required so as to take into account the
intrinsic variability of the stone and determine the statistical significance of changes in the colorimetric coordinates.
In general, the colour coordinates are scalar values obtained by integration (or some kind of mathematical
transformation) of the curves resulting from the product of the curves representing the power of the light source, the
reflectance curve for the object and the curves representing the basic colours associated with the standard observer. For
this reason, conclusions referring to basic colours or shades are aggregated. This not only makes it difficult to interpret
possible changes in terms of the areas of the spectrum where they occur but also means that any change in the spectral
curves may go unnoticed at the aggregate level, given that there is no statistically significant change at the colorimetric
coordinate level.
The main aim of our research was to develop a functional data approach so as to detect colour changes in the areas of
the spectrum where they occur and interpret significant colour changes in the colorimetric coordinates in spectral terms.
This approach would be evaluated by assessing the colour changes produced by different desalination methods applied to
granite contaminated with sea salt. The specific objectives of our research were the following.
1. To construct a functional version of the CIE L∗ a∗ b∗ scalar colorimetric coordinates (to be denoted as ℓ, a, b) in order to
statistically assess changes in terms of the areas of the spectrum where they occur.
2. To apply the FANOVA [16,17] to the functional coordinates so as to determine the statistical significance of changes in
different spectral wavelengths. In previous research [18], we applied this methodology experimentally to the spectral
reflectance curves of the object. However, the evaluation of colour changes also requires colour tristimulus values to be
analysed from the observer’s perspective.
3. To compare the results of the proposedmethodology with those obtained by applying classical ANOVA to the CIE L∗ a∗ b∗
colorimetric coordinates.
Next we briefly describe the basics of colour measurement and the new functional colorimetric coordinates.
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Fig. 1. Colourmeasurement process. The product (left to right) of the power spectral function of the illuminant S(λ), the spectral reflectance function of the
object (Rodas granite) R(λ), and the observer colour matching functions x¯(λ), y¯(λ), z¯(λ), results in the tristimulus curves x(λ), y(λ), z(λ). The integration
of these tristimulus curves gives rise to the CIE XYZ coordinate system.
1. Measuring colour: CIE L∗ a∗ b∗ and the new ℓ, a, b functional colorimetric coordinates
1.1. Colour spaces
With a view to framing the research, belowwe briefly review one of the coordinate systemsmostwidely used tomeasure
colour: CIE L∗ a∗ b∗ [9]. We will then describe the new ℓ, a, b functional coordinates analysed in our research.
Given that colour is an observer’s experience, specification and measurement should simultaneously consider the
external perceived reality (the object) and the perceptive pattern of the observer (the subject); see Fig. 1 and the explanation
below.
The colour sensation depends on the wavelength content of the received light and on the characteristics of the human
observer’s visual system. The human eye has 3 kinds of photoreceptors, each responsible for detecting a differentwavelength
(420–440 nm, 530–540 nmand 560–580 nmapproximately); see, e.g., [11]. The colour sensation can thus be described using
3 parameters. The tristimulus values for a specific colour are the quantities (see the explanation below) of 3 primary colours
that need to be superimposed in order to produce a colour analogous to the original. Different colour spaces are obtained
depending on the colours chosen as primary. The CIE RGB colour space, for instance, which is further discussed below, takes
red, green and blue as reference colours that can produce all possible colours through additivity.
The spectrum of wavelengths containing a specific light determines the colour sensation of the observer. The colour
measuring problem is therefore based on determining the relationship between the spectrum of the light received and the
observer’s colour sensation. This relationship is determined in 2 stages: (1) by specifying the relationship between a set of
primary colours and the light spectrum that is the origin of the sensation of each colour; (2) by determining the composition
of each colour in terms of a primary colour.
The first stage refers to the core problem of relating object and subject, light received and colour sensation; however,
the problem essentially is one of determining this relationship for a previously selected set of primary colours. Experiments
by W.D. Wright and J. Guild in the 1920s (see, e.g., [11]) gave rise to what is known as the colour matching function r¯, g¯, b¯
of the standard observer. For instance, the curve r¯(λ) expresses the amount of red needed for a match to be made for each
wavelength of the spectrum. The g¯(λ) and b¯(λ) curves similarly express amounts of green and blue, respectively [11,12].
Colour matching functions can thus be used as weighting functions to determine the quantities of R,G and B necessary
to match any colour, provided the luminous intensity of the light corresponding to each of the wavelengths of the spectrum
(small constant-width wavelength interval) is known.
Therefore, to determinate the quantity of R,G and B for any colour, it is sufficient to add or integrate the quantities of
these colours in each wavelength1:
R =
∫ ∞
0
I(λ)r¯(λ)dλ; G =
∫ ∞
0
I(λ)g¯(λ)dλ; B =
∫ ∞
0
I(λ)b¯(λ)dλ
where I(λ) is the luminous intensity in each wavelength λ. If the object reflects light coming from a source, the luminous
intensity is obtained by I(λ) = S(λ) ·R(λ)where S(λ) is the spectral power distribution of the source (a standard illuminant
that acts as the reference white) and R(λ) is the spectral reflectance curve of the object that expresses the proportion of
energy reflected for each wavelength. The above equations reflect the 3 elements producing the colour: the light source, the
object reflecting the light and the standard observer receiving the light and producing the colour sensation.
1 Below we only number the equations referred to more than once.
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The curves r¯, g¯, b¯, transformed linearly so that they would only have positive values,2 give rise to the colour matching
functions x¯, y¯, z¯, which coincide approximately with the spectral profiles perceived by a standard observer as red, green and
blue. These curves give rise to a new colour space, CIE XYZ (Fig. 1) whose coordinates are defined in a way similar to the
above but using the curves x¯, y¯, z¯ [11,12]:
X =
∫ ∞
0
S(λ)R(λ)x¯(λ)dλ =
∫ ∞
0
x(λ)dλ (1)
Y =
∫ ∞
0
S(λ)R(λ)y¯(λ)dλ =
∫ ∞
0
y(λ)dλ (2)
Z =
∫ ∞
0
S(λ)R(λ)z¯(λ)dλ =
∫ ∞
0
z(λ)dλ (3)
where x, y, z are the new tristimulus curves. Since it is possible to pass from r¯, g¯, b¯ to x¯, y¯, z¯ by means of a simple linear
transformation, it is likewise possible to pass from the CIE RGB system to the CIE XYZ system.
Nonetheless, these colour spaces do not have the required property of perceptual uniformity, which refers to the fact that
variations in the values of some of these coordinates also imply, in terms of visual impact, analogous variations inmagnitude
that facilitate calibrations and colour adjustments by modifying colour components.
In 1976, with a view to approximating perceptual uniformity by emulating the nonlinear response of the human eye,
the CIE recommended the CIE L∗ a∗ b∗ space (lightness, position between green and magenta and position between blue
and yellow) obtained by means of a nonlinear transformation of the CIE XYZ space. This transformation is defined in
terms of the ratio of the tristimulus values X, Y , Z to those of the reference white (standard illuminant) Xn, Yn, Zn. In other
words:
L∗ = 116

Y
Yn
1/3
− 16
a∗ = 500

X
Xn
1/3
−

Y
Yn
1/3
b∗ = 200

Y
Yn
1/3
−

Z
Zn
1/3
.
However, if any of these ratios X/Xn, Y/Yn, Z/Zn is less than or equal to 0.008856, the function f (t) = t1/3 applied to
them is approximated by f (t) = 7.787 · t + 16/116 thereby avoiding an infinite slope in t = 0.
1.2. The new ℓ, a, b functional colorimetric coordinates
Since use of the CIE L∗ a∗ b∗ colorimetric coordinate system is now standard in colour measurement, as with other
perceptually uniform systems (e.g., CIE L∗ u∗ v∗ [11,12]), this was the system used for our research. Nevertheless, unlike
the CIE RGB and CIE XYZ spaces, these uniform colour spaces do not have colour matching curves and associated tristimulus
curves, as they are the result of direct transformations of the scalar coordinates.
It is not possible, therefore, to analyse colour at the wavelength level as a complement or alternative to an analysis that
uses the CIE L∗ a∗ b∗ space or another uniform space. For this reason, we propose 3 new colour matching curves ℓ, a, b,
associated with the CIE L∗ a∗ b∗ space in such a way that they are compatible with the colour measurements made in this
space. In other words, as a requisite they satisfy:
L∗ =
∫ ∞
0
S(λ)R(λ)ℓ¯(λ)dλ =
∫ ∞
0
ℓ(λ)dλ (4)
a∗ =
∫ ∞
0
S(λ)R(λ)a¯(λ)dλ =
∫ ∞
0
a(λ)dλ (5)
b∗ =
∫ ∞
0
S(λ)R(λ)b¯(λ)dλ =
∫ ∞
0
b(λ)dλ (6)
or, equivalently:∫ ∞
0
ℓ(λ)dλ = L∗ = 116

Y
Yn
1/3
− 16
2 Negative values do not mean that any colour is removed, rather that colour is added to the test colour for matching purposes.
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0
a(λ)dλ = a∗ = 500

X
Xn
1/3
−

Y
Yn
1/3
∫ ∞
0
b(λ)dλ = b∗ = 200

Y
Yn
1/3
−

Z
Zn
1/3
where X, Y , Z are given by Eqs. (1)–(3). Consequently:∫ ∞
0
ℓ(λ)dλ = L∗ = 116
Y 1/3n
[∫ ∞
0
y(λ)dλ
]1/3
− 16∫ ∞
0
a(λ)dλ = a∗ = 500
X1/3n
[∫ ∞
0
x(λ)dλ
]1/3
− 500
Y 1/3n
[∫ ∞
0
y(λ)dλ
]1/3
∫ ∞
0
b(λ)dλ = b∗ = 200
Y 1/3n
[∫ ∞
0
y(λ)dλ
]1/3
− 200
Z1/3n
[∫ ∞
0
z(λ)dλ
]1/3
.
Nonetheless, there are an infinite number of solutions to these equations, i.e., many curves whose integrals give rise to
the coordinates L∗, a∗, b∗. To obtain a unique solution to these equations, if we define:
X(λ) =
∫ λ
0
x(ω)dω; Y(λ) =
∫ λ
0
y(ω)dω; Z(λ) =
∫ λ
0
z(ω)dω
we impose the following conditions for each λ:
L(λ) =
∫ λ
0
ℓ(ω)dω = 116
Y 1/3n
Y(λ)1/3 − 16
A(λ) =
∫ λ
0
a(ω)dω = 500
X1/3n
X(λ)1/3 − 500
Y 1/3n
Y(λ)1/3
B(λ) =
∫ λ
0
b(ω)dω = 200
Y 1/3n
Y(λ)1/3 − 200
Z1/3n
Z(λ)1/3
which can be interpreted as the quantity of colour present until a wavelength λ is the same, irrespective of whether
tristimulus or the proposed curves are used for measurement purposes. Deriving with respect to λ we obtain the required
curves:
ℓ(λ) = dL(λ)
dλ
= 116
3Y 1/3n
Y(λ)−2/3
dY(λ)
dλ
= 116
3Y 1/3n
Y(λ)−2/3y(λ) (7)
a(λ) = dA(λ)
dλ
= 500
3X1/3n
X(λ)−2/3x(λ)− 500
3Y 1/3n
Y(λ)−2/3y(λ) (8)
b(λ) = dB(λ)
dλ
= 200
3Y 1/3n
Y(λ)−2/3y(λ)− 200
3Z1/3n
Z(λ)−2/3z(λ). (9)
The corresponding colour matching functions ℓ¯(λ), a¯(λ), b¯(λ) (Fig. 2) for the CIE L∗ a∗ b∗ system can be obtained from
these equations, if an illuminated object that verifies S(λ)R(λ) = 1 for all λ, is considered as a particular case, as, using
Eqs. (1)–(3), it is sufficient to use, in the above equations, X(λ) =  λ0 x¯(ω)dω,Y(λ) =  λ0 y¯(ω)dω, Z(λ) =  λ0 z¯(ω)dω,
x(λ) = x¯(λ), y(λ) = y¯(λ), z(λ) = z¯(λ).
Once the new colour matching functions ℓ¯(λ), a¯(λ), b¯(λ) are obtained, we can use them in the schema shown in Fig. 1 to
obtain the curves ℓ(λ), a(λ), b(λ) for a colour (in the sameway that the curves x¯(λ), y¯(λ), z¯(λ) are used to obtain the curves
x(λ), y(λ), z(λ), in the same figure), and, from these, we can obtain the coordinates L∗, b∗, a∗, by means of Eqs. (4)–(6).
The new functions ℓ(λ), a(λ), b(λ) associated with the coordinates L∗, b∗, a∗, by means of the above equations are
perfectly interpretable in a way analogous to the coordinates themselves, i.e., as the degree of luminosity (L∗), the relative
position of green–red (a∗) and the relative position of blue–yellow (b∗), except that they are interpreted for each infinitesimal
wavelength interval.
With these new functional coordinates we used functional statistics to analyse colour changes in desalination-treated
stone. First, however, we briefly describe the FANOVA methodology.
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Fig. 2. From left to right, the new colour matching functions ℓ¯(λ), a¯(λ), b¯(λ).
2. Functional ANOVA
2.1. Functional linear models
The multivariate regression model for a d-dimensional input variable X = (X1, . . . , Xd)T and a response variable Y takes
the form:
E(Y |X) = µ+
d−
i=1
βiXi = α + ⟨X,β⟩ (10)
where α and β = (β1, . . . , βd)T are the regression coefficients.
A functional linear regressionmodel [16] is an extension of themultivariate linear regressionmodel to the case of infinite-
dimensional or functional data. For each t ∈ T :
E(Y (t)|X) = α(t)+ ⟨X, β(·, t)⟩
= α(t)+
∫
X(s)β(s, t)ds (11)
with a parameter function β : T ×T → R and a overall mean response function α : T → R. The data are a sample of pairs
of random functions (X, Y ), with X as the predictor function and Y as the response function.
Intermediate models between classical (10) and full functional (11) produce a scalar response with functional predictors
or a functional response with scalar predictors. This latter model, used in this research, takes the general form:
E(Y (t)|X) = α(t)+ ⟨X,β⟩
= α(t)+ X Tβ(t)
= α(t)+
d−
j=1
Xjβj(t) (12)
where α is the overall functional mean and β is the functional vector of the d functional coefficients βj, with i = 1, . . . , n,
j = 1, . . . , d.
2.2. Function smoothing
In the functional model, we do not see the sample functions (in our case, response functions) yi, i = 1, . . . , n in the
majority of applications, but only their values yi(tj) at a set of np points tj ∈ R, j = 1, . . . , np. For the sake of simplicity,
we shall assume these to be common to all the functions yi, i = 1, . . . , n. These observations may, moreover, be subject
to noise, in which case they take the form, zij = yi(tj) + εij, where we assume that εij is random noise with zero mean,
i = 1, . . . , n, j = 1, . . . , np.
Therefore, the functional approach first requires estimating each sample function yi ∈ F , i = 1, . . . , n. One way to do
so is to assume that F = span{φ1, . . . , φm} with {φk} set of basis functions [16]. For our research, we chose a family of
B-splines as the set of basis functions, given their good local behaviour. If, for the sake of simplicity, we represent any of the
functions yi in the sample as y, we have:
y(t) =
m−
k=1
ckφk (t) = cTφ(t) (13)
where φ(t) = (φ1(t), . . . , φm(t))T .
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Hence, the smoothing problem consists of determining the solution y to the following regularization problem:
min
x∈F
np−
j=1

zj − y

tj
2 + λΓ (y) (14)
where zj = y(tj) + εj is the result of observing y at the point tj, Γ is an operator that penalizes the complexity of the
solution, andλ is a regularizationparameter that regulates the intensity of this penalization. In our case,weused the operator
Γ (y) = 
T

D2y(t)
2 dt , where T = [tmin, tmax] and D2 is the second-order differential operator.
Bearing in mind the expansion (13), the above problem (14) may be written as:
min
c

(z−8c)T (z−8c)+ λcTRc
where z = (z1, . . . , znp)T , c = (c1, . . . , cnb)T ,8 is the np×nb matrix with elements8jk = φk(tj) and R is the nb×nb matrix
with elements Rkl =

D2φk,D2φl

L2(T )
= 
T
D2φk(t)D2φl(t)dt .
The solution to this problem is given by cˆ = (8T8+ λR)−18T z and the selection of λ is usually performed using cross-
validation.
2.3. Fitting the functional response — scalar predictor linear model
Belowwe focus on the functional response model with scalar covariables (12) as used in this research. To avoid the need
for an independent term α(t), we assume that the vector of covariables includes the first constant covariable equal to 1
whose functional coefficient is β1 = α. We can thus reformulate the model (12) as:
E(Y (t)|X) = Xβ(t) =
d−
j=1
Xjβj(t) (15)
where we have redefined d as the number of variables of Eq. (10) plus 1.
Within this framework, we assume that the above smoothing of the example functions produces the expansions yi(t) =
cTi φ(t), i = 1, . . . , n which may be jointly written by means of y(t) = Cφ(t) where C is an n × m matrix with rows
cTi i = 1, . . . , n.
We likewise assume that each functional coefficient βj admits an expansion in terms of the aforementioned bases:
βj(t) =
m−
k=1
bjkηk(t) = bTj η(t)
where bj = (bj1, . . . , bjm)T . This may be written in the functional form as βj = bTj φ. Using this expression for all the
coefficients βj jointly, we obtain:
β = (β1, . . . , βd)T = Bη
where B is a matrix d×mβ with rows bTj , j = 1, . . . , d.
From all the above, for each observation i = 1, . . . , n, the model (15) becomes yˆi(t) = xiβ(t) = xiBη(t).
The fit is carried out using the criterion of regularized minimum squared errors:
n−
i=1
yi − yˆi2L2(T ) + λΓ (β)
where Γ is a regularization operator that penalizes the complexity of β as a function of t , resulting in the following normal
equation [16] for the calculation of B:
XTXBJηη + λBR = XTCJφη
where Jηη =

η(t)η(t)Tdt, Jφη =

η(t)φ(t)Tdt , R is an mβ × mβ matrix with (R)k,l = ⟨Lηk, Lηl⟩L2(T ), with L a linear
differential operator, and where λ can be selected using, e.g., cross-validation.
2.4. ANOVA table and F test
The significance of the model can be evaluated using 1 of 2 possible approaches: by evaluating the significance of the
functional model as a whole (see, e.g., [17,16]), or by performing an analysis of significance at each point t ∈ T . This latter
approach is of particular interest in our research as we wish to identify the wavelengths where significant changes occur.
Significance, in any case, for each t ∈ T logically provides overall significance for the functional model.
The significance of the model for each point can be determined using a functional version of Snedecor’s F distribution, in
which the statistic is also a function defined in the support T for the F functions [16]. This produces an F distribution for
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Table 1
The functional analysis of variance table.
Source of variation Sum of squares Degrees of freedom Mean square F
Model SSM (t) d− 1 MSM (t) = SSM (t)d−1 F(t) = MSM (t)MSE (t)
Error SSE(t) n− d MSE(t) = SSE (t)n−d
Total SSY (t) n− 1
each point of this support, enabling the detection of possibly statistically significant changes in areas where changes occur.
Given that the following expressions are functions of t ∈ T :
SSE(t) =
n−
i=1
(yi(t)− yˆi(t))2
SSY (t) =
n−
i=1
(yi − αˆ(t))2
SSM(t) = SSY (t)− SSE(t)
they are also statistics in the ANOVA table (Table 1). Therefore, an F test can be performed for each t ∈ T .
3. Detecting colour changes using the FANOVA applied to tristimulus colour curves
3.1. Data and experiment design
Our methodology was applied to the study of colour changes in sea-salt-contaminated granite following different
desalination processes using different solutions. This granite, named Rodas, is an isogranular medium-grained (2–0.1 mm)
pre-Hercynian granite composed of quartz, mica (muscovite and biotite) and feldspar. Brownish yellow in colour, Rodas
granite is widely used in architectural monuments in northwest Spain.
The stone was desalinated using 4 methods: immersion, cellulose poultice, sepiolite poultice and mixed poultice
(cellulose–sepiolite, 1:1 w/w). For each desalination method, 2 desalination solutions were used: ultrapure water and 0.1%
potassic ferrocyanide solution, a surfactant successfully used as a desalinator for granite [8].
For each method and desalinator, 3 prisms of 5× 5× 1 cm were selected. The surface finish of the samples, taken from
a quarry, was that obtained after conventional sawing in the production plant. The prisms were contaminated with sea
salt in successive seawater immersion and drying cycles (further details in [8]). Colour was measured before desalination,
obtaining the coordinates L∗b, a∗b, b∗b, at 15 points chosen at random, on one face of each prism, prior to applying the
desalination treatment. The number of measurements made for each prism was based on the recommendations of other
authors regarding granite colour measurements [13] according to texture and grain size. Colour was again measured after
desalination, obtaining the values L∗a, a∗a, b∗a, at another 15 points of the same face of the prism. Measurements were made
using a Minolta CM710 spectrophotometer in SCI mode, using D65 as a light source, an 8-mm target area and an observer
angle of 10°.
Alsomeasuredwere point values of the spectral reflectance curves before and after treatment (Ra, Rb), by expressing the
percentage of reflectance of the object for every 10 nm of wavelength in the range 400–700 nm (support for the functions
was thus the wavelength interval T = [400, 700] nm).
Observations totalled 3× 15× 8× 8 = 720, i.e., 3 prism× 15 points× 8 treatments (4 methods× 2 desalinators)× 2
(before and after desalination), whether as colorimetric coordinates or as spectral reflectance curves. Colour was compared
for sea-salt-contaminated stone and desalinated stone.
The spectral reflectance curves were smoothed and assumed to belong to a functional space F = ⟨{φ1, . . . , φd}⟩
generated by a set of order 6 B-splines with 12 knots, resulting in a total of d = 16 basis functions. (This number of basis
functions, chosen in view of the complexity of the observed functions, does not produce significant changes in the results
for a wide range of values.) Hence, all the spectral functions are unambiguously determined by their coefficients in terms of
the expression (13).
Tristimulus curves x, y, z were obtained from the spectral reflectance curves in each λ ∈ [400, 700] nm using the
equations:
x(λ) = S(λ)R(λ)x¯(λ); y(λ) = S(λ)R(λ)y¯(λ); z(λ) = S(λ)R(λ)z¯(λ)
where S is the spectral power distribution of the standard illuminant D65, R is the spectral reflectance curve for each point
of the prism and x¯, y¯, z¯ are the colour matching curves in the CIE XYZ system.
These functions were smoothed in the same way as the spectral reflectance curves. The new tristimulus curves ℓ, a, b
for each point of the sample could have been calculated using Eqs. (7)–(9) with Xn = 94.83, Yn = 100, Zn = 107.38, for the
illuminant D65 and an observer angle of 10°. However, in the interest of reducing the computational burden and in order to
identify the new colour matching functions ℓ¯, a¯, b¯, (Fig. 2), the calculation was performed by first obtaining these functions
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Fig. 3. From left to right, mean difference functions1ℓ,1a,1b obtained for the first 24 prisms, after smoothing. Most of the positive values indicate that
the curves ℓ tend to grow over the entire spectrum after the treatments, which can visually be interpreted as an increase in luminosity. For the curves a and
b, a reduction can be observed in some areas and an increase in others. The FANOVA enables the parts of the spectrum in which the changes are significant
to be identified and this enables colour changes to be interpreted.
(also with Eqs. (7)–(9) and S(λ) · R(λ) = 1, for all λ), applying the equations:
ℓ(λ) = S(λ)R(λ)ℓ¯(λ); a(λ) = S(λ)R(λ)a¯(λ); b(λ) = S(λ)R(λ)b¯(λ)
for each λ, and smoothing the curves in the same way as for the spectral reflectance curves. It was observed that both
calculation methods produced basically the same results. The fit obtained by smoothing the sample of curves for the
different coordinates ℓ, a, b produced a mean value of 0.99 for R2 with a standard deviation of 1.71 × 10−4, which would
indicate the quality of the fit (the optimal regularizer for all the cases was estimated using cross-validation). Likewise,
it was observed that the curves ℓ, a, b finally obtained verified the conditions imposed on their construction given by
Eqs. (4)–(6), i.e., compatibility with the colorimetric coordinates L∗, a∗, b∗ directly obtained using a Minolta CM710
spectrophotometer.
Obtained as a result of the above process were n = 24 (8 treatments × 3 prisms for which each treatment was used)
mean before–after differences – for both the colorimetric coordinates1L∗ = L∗a − Lb,1a∗ = a∗a − a∗b,1b∗ = b∗a − b∗b ∈ R
and the calculated functions1ℓ = ℓa − ℓb,1a = aa − ab,1b = ba − bb ∈ F – to be used in the statistical analysis of the
colour changes taking into account a full factorial design with paired measurements for the method and desalinator factors
described above. By way of example, Fig. 3 shows themean difference functions1ℓ,1a,1b obtained for the 24 prisms. The
differences in the tristimulus functions were analysed using a FANOVA model and the results were compared with those
produced by amultivariate ANOVA applied to the differences in the colorimetric coordinates (discussed in the next section).
More specifically, for each of the tristimulus functional mean differences fi,j,k = (1ℓ)i,j,k, (1a)i,j,k or (1b)i,j,k ∈ F , the
FANOVA model corresponds to the following linear functional model:
fi,j,k = µ+ αi + βj + (αβ)i,j + εi,j,k (16)
i = 1, . . . , p, j = 1, . . . , q, k = 1, . . . , r (17)
with p = 2 desalinator levels (distilled water and potassic ferrocyanide), q = 4 method levels (immersion, cellulose
poultice, sepiolite poultice and mixed poultice) and r = 3 prism mean differences for each desalinator ×method, subject
to restrictions as follows:
2−
i=1
αi = 0;
4−
j=1
βj = 0;
2−
i=1
4−
j=1
(αβ)i,j = 0 (18)
whereµ ∈ F is the globalmean for the tristimulus functional differences,αi ∈ F is the functionalmain effect corresponding
to level i of the desalinator factor, βj ∈ F is the functional main effect corresponding to level j of the method factor,
(αβ)i,j ∈ F is the functional interaction effect between desalinator i and method j and εi,j,k is the residual function
accounting for the unexplained variation specific to the kth functional mean difference for desalinator i and method j.
Note that the restrictions (18) imply sum zero in such a way that each main effect represents the mean alteration of the
overall mean for each treatment, and each interaction effect indicates the mean alteration for each main effect caused by
each combination of levels of the factors.
The model given by Eqs. (16)–(17) can be written in the form (15) as:
fi,j,k = zi,j,kθ + εi,j,k
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Table 2
ANOVA table for themean differences in the coordinates L∗ and a∗ . Themean difference in the coordinate a∗ was significant at the 0.01 level whereas there
was no significant mean differences for the coordinate L∗ .
ANOVA table
1L∗ 1a∗
Effect df MS F p-value MS F p-value
Intercept (µ) 1 115.94 41.38 0.0000 14.10 100.24 0.0000
Desalinator (αi) 3 1.92 0.69 0.4199 8.67 61.63 0.0000
Method (βj) 1 5.24 1.87 0.1751 0.97 6.88 0.0034
Interaction (αβ)ij 3 7.37 2.63 0.0856 0.70 4.98 0.0125
Error 16 2.80 0.14
Fig. 4. Grand means and 95% confidence intervals for the differences1L∗ and1a∗ .
subject to the above-mentioned restrictions, where:
θ = (µ, α1, α2, β1, . . . , β4, (αβ)1,1, . . . , (αβ)2,4)T ∈ F 15
is a vector of 15 functional parameters, εi,j,k is noise, and zi,j,k is a row vector of data for the independent variables with a
first component of 1 and with other components taking the value 0 or 1 as the indicator of the experimental circumstances
of each observation in the response.
The ANOVA model for each of the mean differences 1L∗, 1a∗,1b∗, for the colorimetric coordinates corresponds to the
same structure as the FANOVA model, with the difference that the observations and parameters of the model are scalar
magnitudes with values in R.
3.2. Results
Belowwe describe the results obtained by applying the FANOVA to the different functional means1ℓ,1a,1b, obtained
after the desalination treatment of Rodas granite. These results were compared to those obtained by applying the ANOVA
to the differences1L∗,1a∗,1b∗ in the colorimetric coordinates. In the interest of brevity, we focus on the results obtained
for the functional differences1ℓ,1a and the scalar differences1L∗,1a∗.
We first describe the results of the scalar ANOVA for reference purposes. Fig. 4 shows the grand means and the 95%
confidence intervals for themean differences1L∗ and1a∗. Fig. 5 shows the same information for the different factor levels:
desalinator, method and interaction.
As can be observed, the grandmean for both mean differences was significantly different from zero for both coordinates,
with coordinate L∗ increasing (granite luminosity increased after treatment) and coordinate a∗ decreasing (qualitatively
speaking, the colour shifted towards greenish tones).
As can be observed in Fig. 5, the effect of the 2 desalinators was to increase the coordinate L∗ although the differences
between the respective levels cannot be considered significant (the confidence intervals overlapped greatly). Regarding the
method, the increase in this coordinate was significant for all the levels except cellulose; nonetheless, the overlap between
the different confidence intervals is relevant and does not permit differences between the respective effects to be deduced.
Regarding the coordinate a∗, the same Fig. 5 shows that the application of the desalinators caused this coordinate to
decrease. Nonetheless, it could be said that the reduction produced by potassic ferrocyanide is significantly greater than
that produced by water. Regarding the method, immersion reduced the coordinate a∗ significantly more than the other
methods, and this circumstancewas repeated for the interaction factorwhen the immersionmethodwas applied to potassic
ferrocyanide.
These observations are compatible with the ANOVA data shown in Table 2. As can be observed, the grand mean of the
differences was significantly different from zero for both coordinates. However, the desalinator factor, method factor and
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Immersion
Immersion
Immersion
Celulose
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Sepiolite
Sepiolite
Sepiolite
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Fig. 5. Means and 95% confidence intervals for the differences 1L∗ and 1a∗ . Top: for each factor level, desalinator (left) and method (right). Bottom: for
each desalinator×method interaction level.
Fig. 6. Means and 95% confidence intervals for the functional difference 1ℓ. Left: absolute. Right: for each desalinator factor level. (Figure analogous to
Figs. 4 and 5 (upper left) for the ANOVA.)
interaction factor were not significant for the coordinate L∗ (Fig. 5 shows how the confidence intervals for the levels for each
factor overlap greatly), whereas the reverse occurs for the coordinate a∗, as all the factors are significant.
It should be mentioned that the changes in colour caused by the treatments are imperceptible to the human eye.
In all the cases except for immersion (for all the desalinators) and the sepiolite poultice with potassic ferrocyanide, the
colour differences calculated according to the global colour change index1Eab =

(1L∗)2 + (1a∗)2 + (1b∗)2 (CIE94 and
CIEDE2000 [19] — values not provided) were below 3 units, a value under the level at which colour changes are considered
acceptable in terms of industrial tolerance [2,10,14,20].
As for the FANOVA results, Figs. 6 and7 reflect themean function1ℓ for, respectively, the desalinators (water andpotassic
ferrocyanide) and the methods (compare with the results shown in Figs. 4 and 5 for the values for1L∗). It can be observed
that the increase in the coordinate L∗ in Fig. 4 is explained here by an increase in the function ℓ in the entire range of the
spectrum, at both the overall level and for each desalinator and each method, with the exception of cellulose. The FANOVA
table (Table 3) will show the significance for each of the factors, i.e., it will indicate whether the effects of the levels shown
in these figures can be considered significantly different from each another.
Figs. 8 and 9 show information analogous to the previous figure, but this time regarding the function (compare these
figures with Figs. 4 and 5 for ANOVA for the values of 1a∗). Observed for all the factor levels, except for the cellulose
poultice method, was a significant reduction in the function a (i.e., 1a(λ) < 0) in the [460, 570] nm zone, accompanied
by a significant increase, although not so intense, in the rest of the spectrum. In overall terms, this result was interpreted
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Fig. 7. Means and 95% confidence intervals for the functional differences1ℓ for each factor method level. (Figure analogous to Fig. 5 (upper right) for the
ANOVA.)
Fig. 8. Means and 95% confidence intervals for the functional difference 1a. Left: absolute. Right: for each desalinator factor level. (Figure analogous to
Figs. 4 and 5 (upper left) for the ANOVA.)
Fig. 9. Means and 95% confidence intervals for the functional differences1a for each factor method level. (Figure analogous to Fig. 5 (upper right) for the
ANOVA.)
Table 3
FANOVA table for each wavelength λ corresponding to the full factorial design used.
Variation Sum of squares Mean square F
Desalinator SSα(λ) MSα(λ) = SSα (λ)p−1 F(λ) = MSα (λ)MSE (λ)
Method SSβ (λ) MSβ (λ) = SSβ (λ)q−1 F(λ) =
MSβ (λ)
MSE (λ)
Desalinator×Method SSαβ (λ) MSαβ (λ) = SSαβ (λ)(p−1)(q−1) F(λ) =
MSαβ (λ)
MSE (λ)
Error SSE(λ) MSE(λ) = SSE (λ)pq(r−1)
Total SSf (λ)
as a shift towards green in all cases except in the application of the cellulose poultice. This change in colour was associated
with the presence of potassic ferrocyanide which, in the presence of water, can precipitate as a greenish subproduct [8].
The greater reduction of a∗ observed in the ANOVA for the immersion method coincides here with greater negative
variations in the centre of the spectrum and greater positive variations at the spectrum extremes than in the other methods
(see how the scale is not the same in the 4 graphs in Fig. 9).
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MS Table (except for the grand mean) F desalinator F method F method X desalinator
Fig. 10. For the functional mean differences1ℓ, from left to right: mean square table for the FANOVA, the functional p-value for F functional statistics for
the desalinator, and method and interaction factors (the null value is depicted by a broken horizontal line).
MS Table (except for the grand mean) F desalinator F method F method X desalinator
Fig. 11. For the functional mean differences1a, from left to right: mean square table for the FANOVA, the functional p-value for F functional statistics for
the desalinator, and method and interaction factors (the null value is depicted by a broken horizontal line).
Therefore, the functional focus reveals the changes produced in the function a(λ) in the different zones of the spectrum,
giving rise to the negative aggregated effect in the scalar coordinate a∗ that can be observed in Figs. 4 and 5.
Furthermore, the functional approach reveals other issues that tend to go unnoticed in the scalar approach. In both the
functions 1ℓ and 1a, it can be observed that after the application of the cellulose poultice and, to a lesser extent, of the
sepiolite andmixed poultices, the confidence intervals are wider. This is nomore than a reflection of how thematerials used
as poultices can affect the rock colour. After extraction with cellulose, e.g., the small fibres of the material remain attached
to the rock, distributed irregularly over the surface. This causes an increase in colorimetric variability, with the result that
the change in colour will bemore or less intense depending on the presence of these fibres. Immersion has a different effect:
the confidence intervals (for 1ℓ and 1a) are much narrower, reflecting a more homogeneous change of colour in the rock
surface. This is logical, as no additional material is incorporated into the rock during the immersion process that might
change its colour; the main cause of a change in colour when water is used is only the extraction of salt from the rock.
Examining the significance of the factors, Figs. 10 and 11 show, for the functional mean differences 1ℓ, 1a, the mean
square curves for the FANOVA table, the F functional statistics corresponding to the desalinator factor, the method factor
and the interaction factor. The broken line indicates the value of F that corresponds to 5% significance for each λ ∈ T ; values
below this level should be considered less significant or non-significant. The content of each figure corresponds to Table 3,
with p = 2 (desalinator levels), q = 4 (methods), r = 3 (replications) and n = pqr = 24 functional mean differences (for
each function f = 1ℓ or1a), where (see, e.g., [15]):
SSf =
p−
i=1
q−
j=1
r−
k=1
f 2i,j,k −
f 2·,·,·
qpr
SSα = 1qr
p−
i=1
f 2i,·,· −
f 2·,·,·
qpr
SSβ = 1pr
q−
j=1
f 2·,j,· −
f 2·,·,·
qpr
SSαβ = 1r
p−
i=1
q−
j=1
f 2i,j· −
f 2···
qpr
− SSα − SSβ
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SSE = SSf − SSα − SSβ − SSαβ
are the functional sums of squares of the FANOVA decomposition.
The following observations can be made in relation to the figures.
1. The desalinator factor
For both functionalmean differences,1ℓ and1a, this factorwas not significant in the entire spectrum for both functional
coordinates. This is confirmed by the overlap between the confidence intervals for the functional mean differences of the
effects: the 2 graphs on the right of Fig. 6 (for1ℓ) and all the graphs in Fig. 8 (for1a).
For 1ℓ, this result corroborates the result obtained in the ANOVA for 1L∗, for which the desalinator factor was not
significant. However, for the function 1a, even though the change in each wavelength was not significant, what is
noteworthywas the change in the function integral, i.e., in1a∗, indicated by the ANOVA. Therefore, in this case, although
the functional differences were not significant pointwise, they were so at the integral level. This may appear surprising,
but, bearing in mind that an integral is essentially a sum and that the variance of the sum is less than the sum of the
variances when there is a negative correlation between the random variables (here1a(λ) is a random variable for each
λ), the significance of the integral 1a∗ when the function 1a(λ) ∀λ ∈ T is not significant can only be due to negative
correlations between 1a(λ) for different values of λ. In fact, although not evident from Fig. 3 (the middle graph), the
curves with the greatest decrease between 500 and 550 nm also have the greatest increase in the rest of the spectrum,
and vice versa, indicating a clear negative correlation between the different1a(λ). For this reason, the integral1a∗ has
less variance and the scalar F statistic is significant.
This analysis also explains why the reverse may occur: significance at the wavelength level in the functional coordinate
and non-significance for the corresponding scalar coordinate, indicating a positive correlation in the functional
coordinate for different values of λ. This would indicate the use of both the scalar and functional methods to analyse
colour changes. To an extent, the situation is similar to the analysis of a set of data in which both the distribution of
frequencies and the mean are complementary tools, both useful to understand the data.
2. The method factor
(a) Even though the changes in the coordinate L∗ were not significant in the ANOVA, the FANOVA showed significant
changes in a specific area of the spectrum (400–500 nm). This is a high intensity zone for the function ℓ (see Fig. 2, the
graph on the left); hence, this change can be considered relevant to the colour and, in view of Fig. 7, probably resulting
from thepeculiar behaviour of the cellulose poulticemethod in the range 400–500nm,where the confidence intervals
do not overlap with those for the remaining methods in the same range of the spectrum. This can be attributed again
to the effect of the cellulose fibres, which introduce randomness in colour expression in one or another direction. As
can be observed, in this case the FANOVA offers more information because it delimits the area of the function where
changes are significant.
(b) The coordinate a∗ underwent significant changes according to the ANOVA; the FANOVA also detected significant
changes below 500 nm— an area whose absolute intensity is relevant and that corresponds to the expression of blue
and part of green (coincidingwith the direction of the change in colour caused bymost of the desalination procedures
when the colour was measured with the scalar colorimetric coordinates). Fig. 9 suggests that this significance, as in
the case of the coordinate ℓ, is also due to differences between the cellulose poultice and the other methods, in
particular, immersion.
3. The desalinator×method interaction factor
In both cases (1ℓ and1a), significant differences were found in the area above 600 nm (orange–red). For the coordinate
L∗, unlike the coordinate a∗, the ANOVA revealed no significance.
From a functional perspective, significance for the function1ℓ in this part of the spectrumwould not have an important
impact on the colour expression, given that the function ℓ has low intensity in this part of the spectrum.
In the case of the function 1a, the graphs showing the functional effects of the interaction factor (not shown) show a
clear difference between the function a, for immersion and the sepiolite and mixed poultices, using water and using
ferrocyanide; these differences are greater at the upper extreme of the function (>600 nm). With water, for instance,
desalination by immersion produces a greater increase in this part of the spectrum, probably because the extraction of salt
enhances the original colour of the stone (reddish-brown tones). The change in this region caused by the desalination
solution based on ferrocyanide can be masked by changes in colour (towards green) associated with the presence of
ferrocyanide subproducts.
4. Finally, in general terms it can be observed that the F functional statistic of the different factors behaves very similarly
for1ℓ and1a in the different zones of the spectrum (this pattern is the same for the function1b, for which the FANOVA
graphs are not shown). This is due to the fact that the changes in colour are produced in specific zones of the spectrumand
this affects the three colorimetric coordinates. Nonetheless, whether these changes are significant depends ultimately
on the variability (variance) of the sample in each zone relative to the size of the change. If the mean square (MS) graph
is compared with the graphs for the functional F (first graph on the left and graphs on the right in Figs. 10 and 11), it can
be observed that the spectrum areas with the greatest mean squares are candidates for greater values for F although the
significance depends ultimately on the mean square denominator (the estimation of the error variance). For this reason,
it is important to implement a design that permits this variance to be maximally reduced. Our research in this area is
based on investigating the before–after measurement of colour at the same points of the prisms, so as to ensure that no
additional variance is introduced by rock texture.
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4. Conclusions
The aim of this work was to identify colour changes in each area of the spectrum that indicated a possible change (or
absence of change) in the colorimetric coordinates which, by definition, represent an aggregate measure of colour. We
applied a logical strategy for developing a methodology that would enable us to directly manipulate and process the colour
curves. This methodology was based on a functional data statistic, whose rapid development in recent years means that the
approach is sufficiently mature for our purposes.
Although we could have used other functional statistics for our colour change analyses, in this preliminary research it
seemedmore interesting to generalize the ANOVAmethod used up to now, to the functional sphere so as to compare results
and better evaluate the advantages of the new approach.
Bearing in mind that the most widely used coordinate system (CIE L∗ a∗ b∗) has no associated functional coordinates,
we started by applying the FANOVA to reflectance data [18]. Hence, the conclusions drawn refer only to changes in the
colorimetric properties of the stone, as it was not possible to take into account colour changes as perceived by an observer.
Given that this aspect is of fundamental importance in the preservation ofmonuments,with a view to obtaining the resulting
colour changes as perceived by an observer, we developed new tristimulus functions, ℓ, a, b (and also new colour matching
functions ℓ¯, a¯, b¯) associated with the CIE L∗ a∗ b∗ system to which the functional statistical analysis was applied and whose
integrals produced the coordinates L∗, a∗, b∗.
The results of the application of the FANOVA to an analysis of colour changes in Rodas granite following desalination
treatments and their comparison to the results obtained for coordinates L∗, a∗, b∗, using conventional ANOVA, suggest the
following main conclusions.
1. The FANOVA enables information to be obtained on changes whose intensity is statistically significant at each point of
the spectrum. This information might go unnoticed in models that use scalar values to measure colour.
2. Bothmethods (ANOVA and FANOVA) complement each other in evaluating colour changes because they provide different
information.
(a) Aggregate for ANOVA, showing the direction of colour changes to the human eye.
(b) Pointwise for FANOVA, showing differences for each wavelength in the spectrum.
It is, in fact, possible to identify significant changes in the ANOVA (at the integral level) not supported by significant
changes in eachwavelength of the spectrum, and also identify significant changes in the spectrum– in all thewavelengths
– not accompanied by significant changes at the integral level in the ANOVA. When significance occurs pointwise and
at the integral level, the FANOVA identifies the areas of the spectrum responsible for the changes in the colorimetric
coordinates.
3. Even in the absence of significance, the functional focus permits an analysis of the behaviour of the sample observations
in descriptive and graphic terms, which, in turn, ensures a richer analysis of the effects of the different treatments.
Thus, for instance, in the case of the cellulose poultice, the functional focus highlights random changes in both signs in
the entire spectrum for all the functional coordinates. This suggests that colorimetric variability is caused by the effect
of irregularly distributed cellulose fibres adhering to stone surfaces. Conclusions of this kind are less obvious and riskier
if only a numeric value is available to describe the change in each colour coordinate.
This behaviour of the cellulose injects additional variance into the model and may be masking significant differences
between effects, e.g., in relation to the immersion method. We are of the opinion that this fact may explain why the
method factor is not significant for the function a even though it is significant at the integral level (a∗).
It is therefore recommended to implement both the ANOVA and FANOVA in order to gain a greater understanding of
colour changes, bearing in mind also that the computational burden of the FANOVA is similar to that of the classical ANOVA.
This complementarity between the methods is similar to that for a distribution of frequencies and an aggregated measure,
e.g., themeanwhen analysing a set of data (the coordinates L∗, a∗, b∗, in fact, can be viewed asmeansweighted by the colour
matching functions). For instance, the mean rapidly provides an idea of position but is nonetheless a limited and relative
view of the data, as calculation of the mean implies a loss of information. A distribution of frequencies, on the other hand,
reflects all the data, and, for this reason, can be more difficult to analyse in complex situations, although it does support and
help explain aggregate measures.
One of our lines of research is the development of new experimental designs that could reduce the variability of the
observations (e.g., selection of the samepoints in eachprism for before–aftermeasurements, designswith additional random
blocking factors, etc.). Once themethod has been developed and tested in different design scenarios, we plan to design user-
friendly software as a help tool for applying functional techniques to the analysis of colour changes, which we will make
available to conservation scientists and other experts.
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